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Kashaev [9] [13] 3 $S^{3}$
3
logarithmic




















$L$ Hennings $K$ logarithmic
2.
2.1. $N$ 2 $\mathcal{U}_{q}(sl_{2})$ $q=\exp(\sqrt{-1}/N)$
small quantum group $\hat{u}_{q}(sl_{2})$
$\hat{\mathcal{U}}_{q}(sl_{2})=\langle K, K^{-1}, E, F|KK^{-1}=K^{-1}K=1,$
$KEK^{-1}=q^{2}E, KFK^{-1}=q^{-2}F, EF-FE= \frac{K-K^{-1}}{q-q^{-1}},$
$E^{N}=F^{N}=0, K^{2N}=1\rangle$
$\mathcal{U}_{q}(sl_{2})$ $\Delta$ , $\epsilon$ $S$
$\hat{\mathcal{U}}_{q}(sl_{2})$ $2N^{3}$
$\triangle(K^{\pm 1})=K^{\pm 1}\otimes K^{\pm 1},$ $\Delta(E)=E\otimes K+1\otimes E,$ $\triangle(F)=F\otimes 1+K^{-1}\otimes F,$
$\epsilon(K)=1, \epsilon(E)=\epsilon(F)=0,$
$S(K^{\pm 1})=K^{\mp 1}, S(E)=-EK^{-1}, S(F)=-KF.$
2.2. $\hat{\mathcal{U}}_{q}(sl_{2})$ $2N$ $\mathcal{X}_{s}^{\pm}(1\leq s\leq N)$ $\mathcal{X}_{S}^{\pm}$ $s$
$e_{0},$ $e_{1},$ $\cdots,$ $e_{-1}$
$\hat{\mathcal{U}}_{q}(sl_{2})$
$Ke_{j}=\pm q^{s-1-2j}e_{j},$ $Ee_{j}=\pm[j][s-j]e_{j-1},$ $(e_{-1}=0)$ $Fe_{j}=e_{j+1}.$ $(e_{s}=0)$
$\hat{\mathcal{U}}_{q}(sl_{2})$ $\mathcal{X}_{s}^{\pm}$
$2N$ $N$ $\mathcal{V}_{S}^{\pm}(1\leq s\leq N)$ $\mathcal{V}_{N}^{\pm}=\mathcal{X}_{N}^{\pm}$
$\mathcal{V}_{s}^{\pm}$
$e_{0},$ $e_{1},$ $\cdots$ , $e_{N-1}$ $\hat{\mathcal{U}}_{q}(sl_{2})$ $\mathcal{X}_{s}^{\pm}$
$Ke_{j}=\pm q^{8-1-2j}e_{i},$ $Ee_{j}=\pm[j][s-j]e_{j-1},$ $(e_{-1}=0)$ $Fe_{j}=e_{j+1}.$ $(e_{N}=0)$




$\hat{\mathcal{U}}_{q}(sl_{2})$ $\mathcal{P}_{s}^{\pm}(1\leq s\leq N-1)$
$\mathcal{P}_{s}^{\pm}$ $2N$
: $\{x_{k}, y_{k}\}_{0\leq k\leq N-s-1}\cup\{a_{n}, b_{n}\}_{0\leq n\leq s-1}$
:
$Kx_{k}=\pm q^{-s-1-2k}x_{k}, Ky_{k}=\pm q^{2N-s-1-2k}y_{k}, (0\leq k\leq N-s-1)$
$Ka_{n}=\pm q^{s-1-2n}a_{n}, Kb_{n}=\pm q^{s-1-2n}b_{n}, (0\leq n\leq s-1)$
$Ex_{k}=\mp[k][N-s-k]x_{k-1}, (0\leq k\leq N-s-1, x_{-1}=0)$
$Ey_{k}=\{\begin{array}{ll}\mp[k][N-s-k]y_{k-1}, (1\leq k\leq N-s-1)a_{s-1}, (k=0)\end{array}$
$Ea_{n}=\pm[n][s-n]a_{n-1}, (0\leq n\leq s-1, a_{-1}=0)$
$Eb_{n}=\{\begin{array}{ll}\pm[n][s-n]b_{n-1}, (1\leq n\leq s-1)x_{N-8-1}, (n=0)\end{array}$
$Fx_{k}=\{\begin{array}{ll}x_{k+1}, (0\leq k\leq N-s-2)a_{0}, (k=N-\mathcal{S}-1)\end{array}$
$Fy_{k}=y_{k+1}, (0\leq k\leq N-s-1, y_{N-s}=0)$
$Fa_{n}=a_{n+1}, (0\leq n\leq s-1, a_{S}=0)$
$Fb_{n}=\{\begin{array}{ll}b_{n+1}, (0\leq n\leq s-2)y_{0}, (n=s-1) \end{array}$
$\mathcal{P}_{S}^{\pm}$








2.3. $\hat{\mathcal{U}}_{q}(sl_{2})$ $\hat{\mathcal{U}}_{q}(sl_{2})$ [5]
$\mathcal{P}_{S}^{\pm}$ $\mathcal{X}_{N}^{\pm}$
$N-1 N-1$
$\oplus s\mathcal{P}_{s}^{+}\oplus\oplus s\mathcal{P}_{N-s}^{-}\oplus N\mathcal{X}_{N}^{+}\oplus N\mathcal{X}_{N}^{-}.$
$s=1 s=1$
2.4. $R$- $R$-
$\hat{\mathcal{U}}_{q}(sl_{2})$ $K$ 2 $k$ $k$
$k^{2}=K, k^{-2}=K^{-1}, kEk^{-1}=qE, kFk^{-1}=q^{-1}F,$
$\triangle(k^{\pm 1})=k^{\pm 1}\otimes k^{\pm 1}, \epsilon(k^{\pm 1})=1, S(k^{\pm 1})=k^{\mp 1}.$
$\hat{\mathcal{U}}_{q}(sl_{2})$ $k$ $\hat{\mathcal{U}}_{q}’(sl_{2})$ $\hat{\mathcal{U}}_{q}(sl_{2})$ $\mathcal{X}_{s}^{\pm},$ $\mathcal{P}_{S}^{\pm}$










$\Delta’=\tau\circ\Delta$ $R= \sum a_{i}\otimes b_{i}$
$R_{12}= \sum a_{i}\otimes b_{i}\otimes 1, R_{13}=\sum a_{i}\otimes 1\otimes b_{i}, R_{23}=\sum 1\otimes a_{i}\otimes b_{i}$
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$\hat{\mathcal{U}}_{q}’(sl_{2})$ 2 $U,$ $V$ $u,$ $v$ $ku=q^{p/2}u,$ $kv=q^{q/2}v$











$\hat{u}_{q}(sl_{2})$ $\hat{\mathcal{U}}_{q}(sl_{2})$ right integral
2.6. Symmetric linear function. $\hat{\mathcal{U}}_{q}(sl_{2})$ $\hat{\mathcal{U}}_{q}’(sl_{2})$ $f$ $x,$ $y$
$f(xy)=f(yx)$ symmetric linear function
symmetric linear function









$G_{S}$ symmetric linear function $\hat{\mathcal{U}}_{q}(sl_{2})$ symmetric linear function




2.7. $\hat{u}_{q}(sl_{2})$ $Z$ 2 $e_{S}$
$\mathcal{P}$ $\mathcal{P}_{t}^{\pm}(t\neq 0)$
2 $w_{s}^{\pm}$ $\mathcal{P}_{\theta}^{\pm}$ $(a_{1}, b_{1})$ $\cdots,$





$Z$ $\{\kappa_{0}, \cdots, \kappa_{N}, \rho_{1}, \cdots,\rho_{N-1}, \varphi_{1}, \cdots, \varphi_{N-1}\}$
$SL(2, Z)$ [5]
$\kappa_{0}=(-1)^{N+1}e_{0},$
$\kappa_{S}=\frac{1}{[s]^{2}}(w_{S}^{+}+w_{S}^{-})$ , $(1\leq s\leq N-1)$
$\kappa_{N}=e_{N},$
$\rho_{s}=(-1)^{N+s}\frac{1}{N(q^{8}-q^{-s})}(e_{S}-\frac{q^{s}+q^{-s}}{[s]^{2}}(w_{s}^{+}+w_{8}^{-}))$ , $(1\leq s\leq N-1)$
$\varphi_{s}=\frac{1}{[s]^{2}}(\frac{N-s}{N}w_{S}^{+}-\frac{S}{N}w_{s}^{-})$ , $(1\leq s\leq N-1)$
3.
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FIGURE 1. Reidemeister














3.3. $T$ $(p,p)$ $\ell$
id $K^{N-1}$
$R$ , $R^{-1}$
$\caparrow K^{-N+1},$ $\caparrow 1,$ $uarrow K^{N-1},$ $\cuparrow 1,$
FIGURE 3.
5 $T$
$R= \sum_{i}a_{i}\otimes b_{i},$ $R^{-1}= \sum_{j}a_{j}’\otimes b_{j}’$
FIGURE 4. $R$
1
$arrow$ . . .
FIGURE 5.
$\hat{\mathcal{U}}_{q}’(sl_{2})$ $\otimes^{p+\ell}\hat{\mathcal{U}}_{q}’(sl_{2})$ $x_{1}\otimes\cdots\otimes x_{p+\ell}$
$W(D_{y_{1},\cdots,y\ell})$ $y_{1},$ $\cdots$ ,
$I$ $\hat{\mathcal{U}}_{q}’(sl_{2})$ $\hat{\mathcal{U}}_{q}’(sl_{2})$ $\hat{\mathcal{U}}_{q}’(sl_{2})/I$
$\pi$ $(id^{\otimes p}\otimes\pi^{\otimes\ell})(W(D_{y_{1},\cdots,y\ell}))$ $T$
$\hat{u}_{q}^{J}(sl_{2})^{\otimes p}\otimes(\hat{\mathcal{U}}_{q}’(sl_{2})/I)^{\otimes\ell}$
$T$
3.4. Symmetric linear function $fi,$ $f_{2},$ $\cdots,$ $f\ell$ $\hat{\mathcal{U}}_{q}’(sl_{2})$




$(f_{1}\otimes\cdots\otimes f_{i}\otimes\cdots\otimes f_{\ell})(W(D_{y_{1},\cdots,y\ell}))=(f_{1}\otimes\cdots\otimes f_{i}’\otimes\cdots\otimes f_{\ell})(W(D_{y_{1},\cdots,y\ell}))$
50
$R= \sum_{i}a_{i}\otimes b_{i},$ $R^{-1}= \sum_{j}a_{j}’\otimes b_{j}’$
$arrow\sum_{i,j,k,l,m}a_{i}’b_{j}’\otimes K^{1-N}b_{i}’a_{j}’b_{k}a_{l}b_{m}K^{1-N}a_{k}b_{l}a_{m}$
FIGURE 6. 2 ( $\cross$ )
$\hat{\mathcal{U}}_{q}(sl_{2})$ symmetric linear function $f_{i}$ $X_{s}^{+}$
$\mathcal{U}_{q}(sl_{2})$ $s$ colored
Jones $q=\exp(\pi\sqrt{-1}/N)$
3.5. $D$ $W(D_{y_{1},\cdots,y\ell})=x_{1}\otimes\cdots\otimes X\ell$ $u_{q}(sl_{2})$ $\mathcal{Z}$
$z_{1},$ $Z_{2},$ $\cdots,$ $Z\ell$
$\Psi_{f_{1},\cdot\cdot,f\ell}^{z_{1},\cdots.’ z_{\ell}}=(f_{1}\otimes\cdots\otimes f_{\ell})((z_{1}\otimes\cdots, z_{\ell})W(D_{y_{1},\cdots,y\ell}))$







$(id\otimes\phi)(W(D_{y_{1},y_{2}}))$ $\mathcal{U}_{q}(sl_{2})$ $\mathcal{Z}$ $\mathcal{Z}$ $z$
$(id\otimes\phi)((id\otimes z)W(D_{y_{1},y_{2}}))$ $\mathcal{U}_{q}(sl_{2})$ End $\mathcal{Z}$ $\sigma$
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FIGURE 7.
FIGURE 8. (1, 1)
$SL(2, Z)$
$S=(\begin{array}{ll}0 1-1 0\end{array}), T=(\begin{array}{ll}1 10 1\end{array})$
$T$ $\tau$ $S$ $\sigma$ $SL(2, Z)$ End $\mathcal{Z}$
4. 3 HENNINGS
4.1. Kirby 3 $S^{3}$ (surgery)
2 $KI,$
KII 2 Kirby 3
4.2. Right integral Kirby KII 2 $D_{1},$
$D_{2}$
$W(D_{1})=x_{1}\otimes x_{2}\otimes x_{3}\otimes\cdots\otimes x_{\ell}$
$W(D_{2})=(\Delta(x_{1})\otimes id^{\otimes\ell-2})(id\otimes K^{N-1}x_{2}\otimes x_{3}\otimes\cdots\otimes x_{\ell})$
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$Lrightarrow L\cup O\pm 1$ $rightarrow$
$L$ $L’$
KII : $L$ $L’$
$KI$
FIGURE 9. Kirby
$W(D_{1})$ $W(D_{2})$ $\phi\otimes$ id $\otimes\cdots\otimes$ id
$(\phi\otimes id^{l-1})(W(D_{1}))=\phi(x_{1})(x_{2}\otimes\cdots\otimes x_{\ell})$ ,
$(\phi\otimes id^{\ell-1})(W(D_{2}))=(\phi\otimes id^{\ell-1})((\triangle(x_{1})\otimes id^{\otimes l-2})(id\otimes K^{N-1}x_{2}\otimes\cdots\otimes x_{\ell}))$
$=(\lambda\otimes id^{\ell-1})((\triangle(x_{1})\otimes id^{\otimes\ell-2})(K^{N-1}\otimes K^{N-1}x_{2}\otimes\cdots\otimes x_{\ell}))$





KII 2 $D_{1},$ $D_{2}$
$\Psi_{\phi,\cdots,\phi}(D_{1})=\Psi_{\phi,\cdots,\phi}(D_{2})$
4.3. 3 $L_{1},$ $L_{2},$ $\cdots,$ $L_{\ell}$ $\ell$ $L$ $L_{i}$ $L_{j}$
(linking number)
(linking matrix)
$lk(L)$ $l_{ij}$ $(i,j)$ $l_{ii}$ $i$
$li(L)$ $\sigma_{+}(L)$ , $\sigma_{-}(L)$
53
$D$ $L$ $H(L)$ $U_{+},$ $U_{-}$ 1
1, $-1$
$H(L)=\Psi_{\phi}(U_{+})^{-\sigma+(L)}\Psi\phi(U_{-})^{-\sigma-(L)}\Psi_{\phi,\cdots,\psi}(D)$
4.4. (Hennings [7]). $M_{L}$ $L$ 3 $D$ $L$
$H(L)$ $M_{L}$
$H(L)$ $H(M_{L})$ $N$ $H(M_{L})$ 3
$SO$ (3) Witten-Reshetikhin-Toraev $\tau(M_{L})$




4.6. Hennings $L=L_{1}\cup L_{2}\cup\cdots\cup L\ell$ $L_{1}$
(1,1) $T$ $W(T)$ 2
$\phi$















5.1. 3 $M$ 3 $\tilde{K}=\tilde{K}_{1}\cup\tilde{K}_{2}\cup\cdots\cup\tilde{K}_{m}$
$m$ $M$ $S^{3}$ $L=$
$L_{1}\cup L_{2}\cup\cdots$ $\ell$
$\tilde{K}$ $S^{3}$ $L$ $M$ $\tilde{K}$
$\tilde{K}$ $S^{3}$ $K=K_{1}\cup K_{2}\cup\cdots\cup K_{m}$
$M$ $S^{3}$
$K\cup L$ $L$
5.2. Kirby $S^{3}$ $(K, L)$ $L$
$M_{L}$ $S^{3}$ 2 $(K, L)$
$(K’, L’)$ $L$ $L’$ Kirby 2
KII KII 9
$K$ $K’$ $L$ $L’$
2 $(K, L)$ $(K’, L’)$
$L$ $KI$ , KII KII
55
$(K, L)$ $(K’, L’)$
5.3. 3 $M$ $M$
$S^{3}$ $M$ $S^{3}$
$L$ $L$ $lk(L)$
$\pm 1$ $M$ $\tilde{K}$ Kirby $\tilde{K}$
$S^{3}$ $K$ $L$ $0$
$K$ $\tilde{K}$
5.4. 3 3 $M$ $\tilde{K}$ $S^{3}$
$(K, L)$ $L$
$K\cup L$ $L$ $\phi$ $\tilde{H}(K, L)$
$\tilde{H}(K, L)=(\pi^{\otimes m}\otimes\phi^{\otimes\ell})W(D_{y_{1},\cdots,y_{m}}.)$
$D$ $K\cup L$ $y_{1},$ $\cdots,$ $y_{m}$ $K_{1},$
$\ldots$ , Km $\tilde{H}(K, L)$ $\tilde{\mathcal{U}}_{q}(Sl_{2})^{\otimes m}$ $L$
KII $\tilde{H}(K, L)$ $L$ $\sigma_{+}(L)$ $\sigma_{-}(L)$
$H(K, L)$
$H(K, L)=\Psi_{\phi}(U_{+})^{-\sigma+(L)}\Psi_{\phi}(U_{-})^{-\sigma-(L)}\tilde{H}(K, L)$ .
5.5. $H(K, L)$ $M_{L}$ $\tilde{K}$
$H(K, L)$ $M_{L}$ $\tilde{K}$
$M_{L}$
$\tilde{K}$ $fi,$ $f_{2},$ $\cdots,$ $f_{m}$
$\pm 1$ $\tau_{\pm 1}$ $W(T_{\pm 1})$
$\overline{H}(K, L)=()\otimes\cdots\otimes W(T_{-signf_{m}})^{|f_{m}|})H(K, L)$
$\overline{H}(K, L)$ ( )
5.6. Symmetric linear function $M_{L}$ $\tilde{K}$







Jones $G_{1},$ $\cdots,$ $G_{N-1}$
5.7. $M_{L}$ $(K, L)$
$K$ $K_{1}$ (1,1) $T$ $H(T, L)$
$H(K, L)$ $L$ $\phi$ $\sigma_{\pm}(L)$
$T\cup L$
$P_{s_{2},\cdots,s_{m}}(T\cup L)=(id\otimes X_{s_{2}}\otimes X_{s_{3}}\otimes\cdots\otimes X_{s_{m}})H(T, L)$




$\sum_{s_{1}=0}^{N}a_{s_{1},s_{2},\cdots,s_{m}}(T\cup L)e_{S1}+\sum_{s_{1}=1}^{N-1}(b_{s_{1},s_{2},\cdots,s_{m}}^{+}(T\cup L)w_{8}^{+}+b_{1)}^{-}ss_{2},\cdots,s_{m}(T\cup L)w_{S}^{-})$
$a_{s_{1},s_{2},\cdots,s_{m}}(T\cup L)$ $m=1$ $\Psi_{X_{8}^{+}1}($ $)$ $m\geq 2$




5.8. $\kappa_{S},$ $\rho_{S},$ $\varphi_{s}$ $Z$ 2, $\cdots$ ,8m($T\cup L$ ) $e_{s},$ $w_{s}^{\pm}$
$\mathcal{Z}$
$\kappa_{s},$ $\rho_{s},$ $\varphi_{S}$
$\sum_{s_{1}=1}^{N-1}(\alpha_{s_{1},s_{2},\cdots,s_{m}}(T\cup L)\rho_{S}+\beta_{s_{1},s_{2},\cdots,s_{m}}(T\cup L)\varphi_{s})+\sum_{s_{1}=0}^{N}\gamma_{s_{1},ss_{m}}2,\cdots,(T\cup L)\kappa_{s}$
$\alpha_{S1,S2,\cdots,s_{m}}(T\cup L)=(-1)^{N+s}N(q^{S}-q^{-s})a_{s_{1},s_{2},\cdots,s_{m}}(T\cup L)$ ,
$\beta_{SS\cdots S}1,2,,m(T\cup L)=[s]^{2}(b_{1,2}^{+}ss,\cdots,s_{m}(T\cup L)-b_{1,2}^{-}ss,\cdots,s_{m}(T\cup L))$ ,
$\gamma_{s1,s2,\cdots,s_{m}}(T\cup L)=[s]^{2}(\frac{s}{N}b_{s_{1},\epsilon_{2},\cdots,s_{m}}^{+}(T\cup L)+\frac{N-s}{N}b_{s_{1},s_{2},\cdots,s_{m}}^{-}(T\cup L))+$
$(q^{s}+q^{-s})a_{s1,s2,\cdots,s_{m}}(T\cup L)$
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logarithmic conformal field theory $\alpha_{s_{1},s_{2},\cdots,s_{m}}(T\cup$
$L),$ $\beta_{s ,s_{2},\cdots,s_{m}}(T\cup L),$ $\gamma_{s ^{}S2,\cdots,s_{m}}(T\cup L)$
$\tilde{K}$ logarithmic
5.9. $\gamma_{s_{1},s_{2},\cdots,s_{m}}(T\cup L)$ $\alpha_{s_{1},s_{2},\cdots,s_{m}}(T\cup L),$ $\beta_{s_{1},e2,\cdots,s_{m}}(T\cup L)$
$P_{82}(T\cup L)$ $K^{1-N}$ $T\cup L$
2 symmetric linear function $X_{8}$ $G_{s}$
symmetric linear function
$\gamma_{S1,s_{2},\cdots,s_{m}}(T\cup L)$ $T\cup L$ symmetric linear function
$\alpha_{s1^{S_{2},\cdots,Sm}},(T\cup L),$ $\beta_{s_{1},s_{2},\cdots,s_{m}}(T\cup L)$ $N$
double scaling limit
$\gamma_{s_{1^{S}2,\cdots,\partial_{m}}},(T\cup L)$
$SL(2, Z)$ $\kappa_{0},$ $\kappa_{1},$ $\cdots,$ $\kappa_{N}$ WRT
$SL(2, \mathcal{Z})$ $S$ WRT
$\sin$ $\kappa_{s}$
$\cos$




















$\mathcal{X}_{(smod N)}^{+}\oplus \mathcal{X}_{(smod N)}^{-}$
6.3. $R$- $\overline{\mathcal{U}}_{q}(sl_{2})$ $R$-
$R=q^{\frac{1}{2}H\otimes H} \sum_{m=0}^{N-1}\frac{(q-q^{-1})^{m}}{[m]!}q^{m(m-1)/2}(E^{m}\otimes F^{m})$
$H$ $K=q^{H}=\exp(\pi\sqrt{-1}H/N)$ $\overline{\mathcal{U}}_{q}(sl_{2})$ 2
$u,$ $v$ $Ku=q^{\mu}u,$ $Kv=q^{\nu}v$
$(H\otimes H)(u\otimes v)=\mu\nu(u\otimes v)$
$q^{\frac{1}{2}H\otimes H}(u \otimes v)=\exp(\frac{\pi\sqrt{-1}\mu\nu}{2N})u\otimes v=q^{\frac{1}{2}\mu\nu}u\otimes v$
$R$-
$R$-
6.4. Colored Alexander $\ell$ $L_{1},$ $\cdots,$ $L_{\ell}$ $L$
$T$ $K$ $L_{1}$ (1,1) $\overline{\mathcal{U}}_{q}’(sl_{2})$
$\overline{\mathcal{U}}_{q}(sl_{2})$ $H$ $\hat{\mathcal{U}}_{q}(sl_{2})$
$\overline{\mathcal{U}}_{q}’(sl_{2})$
10 id $K^{N-1}$ $R$ ,
$R^{-1}$






$R= \sum_{i}a_{i}\otimes b_{i},$ $R^{-1}= \sum_{j}a_{j}’\otimes b_{j}’$
FIGURE 11. $R$
$\otimes^{p+\ell}\overline{\mathcal{U}}_{q}’(sl_{2})$ $X_{1}\otimes\cdots\otimes Xp$




$I$ $\overline{u}_{q}’(sl_{2})$ $\overline{\mathcal{U}}_{q}’(sl_{2})$ $\overline{\mathcal{U}}_{q}’(sl_{2})/I$
$\pi$ $(id\otimes\pi^{\otimes(\ell-1)})(W(D_{y_{2},\cdots,y\ell}))$ $T$ $\overline{\mathcal{U}}_{q}’(sl_{2})\otimes(\overline{\mathcal{U}}_{q}’(sl_{2})/I)^{\otimes(\ell-1)}$
$T$ $\overline{\mathcal{U}}_{q}(sl_{2})$
$\overline{\mathcal{U}}_{q}(sl_{2})$
$\rho_{\lambda}$ : $\overline{\mathcal{U}}_{q}(sl_{2})arrow$ End $(\mathcal{V}_{\lambda})$
( ) $L_{1},$ $\cdots,$ $L_{\ell}$ $\mathcal{V}_{\lambda_{1}},$ $\cdots,$ $\mathcal{V}_{\lambda_{\ell}}$
$(id\otimes V_{\lambda_{2}}\otimes V_{\lambda\ell})(W(D))$
$\overline{\mathcal{U}}_{q}’(sl_{2})$ $\overline{\mathcal{U}}_{q}’(sl_{2})$ $\overline{\mathcal{U}}_{q}’(sl_{2})$









6.6. Logarithmic colored Alexander 3
3 $M$ $\tilde{K}$
$M$ $S^{3}$ $\tilde{K}$ $S^{3}$
$K$ $K$ $T$ $D$ $T\cup L$
$H(K, L)\in\overline{\mathcal{U}}(sl_{2})^{\otimes m}$
$\hat{\mathcal{U}}_{q}(sl_{2})$ symmetric hnear function $\overline{\mathcal{U}}_{q}(sl_{2})$ $\hat{\mathcal{U}}_{q}(sl_{2})$
$\overline{\mathcal{U}}_{q}(sl_{2})$ symmetric linear function
$\hat{\mathcal{U}}_{q}(sl_{2})$ right integral $\phi$ $\overline{\mathcal{U}}_{q}(sl_{2})$ symmetric linear function
$K$ $p,$ $L$ $\ell$














$s_{1},$ $\cdots,$ $s_{m}$ logarithmic
$b_{s_{1},\cdots,s_{m}}^{+}(K\cup L)=$
$N\sqrt{-1}^{N-1}(-1)^{s_{1}}$
$\overline{[s_{1}]^{2}}\lim_{\lambdaarrow 2N-s_{1}-1}(\Phi_{\lambda,\cdots,\lambda_{m}}^{N}(K\cup L)+\Phi_{\lambda-2N+2_{81},\cdots,\lambda_{m}}^{N}(K\cup L))$
$- \frac{2\cos(\lrcorner^{s_{N}\underline{\pi}})}{[s_{1}]^{2}}a_{s_{1},\cdots,s_{m}}(K\cup L)$ ,
$b_{s_{1},\cdots,s_{m}}^{-}(K\cup L)=$
$N\sqrt{-1}^{N-1}(-1)^{s_{1}}$
$\overline{[s_{1}]^{2}}\lim_{\lambdaarrow s1^{-1}}(\Phi_{\lambda,\cdots,\lambda_{m}}^{N}(K\cup L)+\Phi_{\lambda-2s\lambda_{m}}^{N}1,\cdots,(K\cup L))$




6.7. Logarithmic $a_{s_{1},\cdots,s_{m}}(K\cup L),$ $\frac{[s_{1}]^{2}}{N\sqrt{-1}^{N-1}(-1)^{\delta}1}b_{s_{1},\cdots,s_{m}}^{\pm}(K\cup L)$ $K$
$\tilde{K}$
$d_{\lambda_{1}}$ $\lambda_{1}$ $\Phi_{\lambda_{1},\cdots,\lambda_{m}}^{N}(L)$ $\lambda_{1}$
$\Phi$ 2 $m\geq 2$





7.1. $6j$ - Kirillov Reshetikhin $6j$-
colored Alexander $6j$- [4]
2
$a+b-e, a+f-c, b+d-f, d+e-c\in 2Z+1$
FIGURE 12.
62
$\{\begin{array}{lll}a b ed c f\end{array}\}=(-1)^{N-1}\{B_{bdf}\}!\{B_{afc}\}\{B_{dec}\}!\{B_{abe}\}!\{\begin{array}{l}eA_{abe}-N\end{array}\}\{\begin{array}{l}eB_{ecd}\end{array}\}$
$\sum_{z=m}^{M}[c+z+1-NA_{afc}-N]\{\begin{array}{l}B_{acf}+zB_{acf}\end{array}\}\{\begin{array}{l}B_{bfd}+B_{dec}-zB_{bfd}\end{array}\}\{\begin{array}{l}B_{dce}+zB_{dfb}\end{array}\}\cdot$
$A_{abc}= \frac{a+b+c+1}{2}, B_{dc}=\frac{a+b-c-1}{2},$
$m= \max(0, N-c, \frac{b-c+e+f}{2}-N, \frac{-b-c+e+f}{2})$ ,
$M= \min(B_{\ c}, B_{afc}, N-1-B_{acf}, N-1-B_{dce})$










7.4. (Costantino-Murakami [4]). $T$ 14
$0<\theta_{a},$ $\theta_{b},$ $\theta_{c},$ $\theta_{d},$ $\theta_{e},$ $\theta_{f}<\pi$ 2
3 3 $\theta_{i},$ $\theta_{j},$ $\theta_{k}$ $\theta_{i}+\theta_{j}+\theta_{k}<\pi$
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FIGURE 13.
$a_{N},$ $b_{N},$ $c_{N},$ $d_{N},$ $e_{N},$ $f_{N}$ $\lim_{Narrow\infty}^{\underline{\pi a}_{A}}N=\pi-\theta_{a},$ $\ldots,$
$\lim_{Narrow\infty}^{\pi_{N}}\lrcorner_{\Delta}=\pi-\theta_{f}$
$\overline{a_{N}}=2N-a_{N},$ $\cdots$ , $\overline{f_{N}}=2N$ $T$
$Vol(T)$
$Vol(T)=\lim_{Narrow\infty}\frac{\pi}{2N}bg(\{\begin{array}{lll}a_{N} b_{N} e_{N}d_{N} c_{N} f_{N}\end{array}\} \{\begin{array}{lll}\overline{a}_{N} \overline{b}_{N} \overline{e}_{N}\overline{d}_{N} \overline{c}_{N}\overline{f}_{N} \end{array}\})$ .
FIGURE 14. $T$
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